ABSTRACT. We consider complete minimal surfaces (c.m.s.'s) in R3 and their deformations. Mi is an e-deformation of Mo if Mx is a graph over Aio inane tubular neighborhood of Mo and Mi is e C1-close to Mo. A minimal surface M is isolated if all c.m.s.'s which are sufficiently small deformations of M are congruent to M.
Introduction.
We consider complete minimal surfaces (c.m.s.'s) in it3 and their deformations. AZi in an e-deformation of AZo if Mi is a graph over Mo is an e tubular neighborhood of Mi and Mi is e Ciclóse to Ma. A c.m.s. Mo is isolated if all minimal surfaces Mi, which are sufficiently small deformations of M0, are congruent to Mo. Many of the classical minimal surfaces in R3 are known to be isolated [2] , however, no example was known of a nonisolated minimal surface. In this paper we construct such an example; it is modelled on a 4-punctured sphere and is of finite total curvature. On the other hand, we prove that a c.m.s. discovered by Meeks and Jorge, modelled on the sphere punctured at the four roots of unity, {1, -1, i, -i}, is isolated. The analogous surface modelled on the sphere punctured at the cube roots of unity was shown to be isolated in [2] . The question is raised there of whether deformations of the four puncture case can be realized by deforming the conformai structure; i.e., changing the cross ratio of the four points. Thus for the Meeks-Jorge example in question, the answer is no. As we shall see, the conformai structure of our example that admits deformations does not change either. Perhaps the conformai structure never changes by small deformations?
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I. A deformable surface. Let M be a c.m.s. of finite total curvature, so that M is conformally equivalent to a compact Riemann surface M punctured at a finite number of points. An end E of M is said to be bounded if E is a bounded distance from a plane. If E corresponds to the puncture p and P is the plane orthogonal to g(p), g the Gauss map, then E bounded means E is a bounded distance from P. If E is embedded, then it can be expressed as the graph of alogÄ + Ö(|Ä|), where R is the distance from the origin in P, and this holds for R large. Then E is bounded if and only if o = 0.
Let (g,u>) be a Weierstrass representation of M and <Ai,02,03 the associated analytic differentials on M. We know the real periods of each 4>k are zero on M since the coordinate functions, Xk = Re j <pk, are well defined on M. Suppose in addition, that each tpk has no imaginary periods on M. Let (j>k(t) = e^tpk for each t € R. Then <f>k(t) are analytic differentials on M which have no periods on M. Thus Xk(t) = Re J (¡>k(i) are single-valued coordinate functions on M, giving a c.m.s. M(t) modelled on M. We claim that if each end of M is bounded, then M(t) is an e-deformation of M for t sufficiently small. We will prove this by showing that each end of M(t) is a deformation of the corresponding end of M(0) = M; this suffices since the compact part of M(t), the complement of the ends, converges uniformly to the compact part of M. Let the end E of M be parametrized by the disc unity D punctured at 0. Since deforming (i.e., (g,eltu))) commutes with rotation in R3, we can assume g(0) = 0. Then g has a zero of order n at 0 and w has a pole of order k > 2. Clearly E is a bounded end if and only if n > k (look at X3 = Re J guj). Now (g, eltuj) is a Weierstrass representation of M(t) and 0 is still a pole of order k of eltw so E(t) is bounded as well. Thus x$(t) is bounded in the punctured disc, hence extends to the origin. Since
we conclude Im/tfo is bounded in the punctured disc. Thus 23(f) converges to £3(0) uniformly and it follows that E(t) is a deformation of E.
Thus to exhibit a nonisolated c.m.s. we will find a c.m.s. M of finite total curvature, with bounded ends, all periods of the <pk are zero, and M(t) is not congruent to M for t t¿ 0. Such an example follows.
Let M be the sphere punctured at the four points 01,02,03,00, where the aâ re the cube roots of -1/2. Let
We claim (0, w) is a Weierstrass representation of M satisfying the conditions desired. In fact, this example is part of the following family, all of which admit deformations:
where the o's and 6's satisfy ai t¿ ay, bi t¿ bj, i ^ j and o¿ ^ bj, 61 + 62 + h = 0, 2a\ = -bib2b3, o2 = e2"/3oi, o3 = e4^/3oi.
We now prove that each of these surfaces is not isolated. First observe that
and dg vanishes at each pole of w, so each end is bounded (each pole is of order two).
Next observe that <f>i,<l>2,<f>3 have no periods; to see this it suffices that <j, goj, and g2oj be exact. We have V -2bz2 -Aa\z -o2/3l The reader can verify that this is a c.m.s. We will now prove the associate surface M(t) = (g, eltu)) is not congruent to M. Assume the contrary; for each t, let M = Rt(M(t) + T(t)), where T(t) is a translation and Rt is an affine rotation. The vectorial rotation defined by Rt (that is, leaving the origin fixed) permutes the ends {0,g(ai),0(02),0(03)} since M and M(t) have the same limiting normals at the ends. There are only a finite number of such vectorial rotations so, for some sequence tn -► 0, we have a rotation R and translations Pn such that
Therefore, the surfaces M(tn) + Pn + T(tn) are the same for each n. Now each of these surfaces has the same Gauss map g. The order of g on M is three and near each end the order is two (g' = 0 and g" ^ 0 at each end). Thus for each end p¿, i -1,2,3,4, there is one and only one point z¿ in M such that ffte) = g{Pi), *i ¿Pi-Let K be a compact set in M obtained by removing an open disc about each Pi and with 2¿ G K for i = 1,..., 4. We know that on K, we can choose the parametrizations X(t) of M(t) close to a parametrization X(0) = X of M for t sufficiently small, i.e., for e > 0 there exists t > 0 such that for all z G K, d(X(z), X(t)(z)) < e. Thus for t, s close to 0 we have
Let p be an end and zq G K such that g(zr}) -g(p). We know that M(t) and M(s)
differ by a translation V(t,s):
Hence there is z'0 G M such that X(t)(z0) = X(s)(z>0)+V(t,s).
The surfaces M(t) and M(s) have the same Gauss map so g(zo) = g(z'0). Thus z'0 = zq or z'¿ = p. But X(s)(z'0) G M(s) so z'0 = z0 and X(t)(z0) = X(s)(z0) + V(t,s). Then (I) implies ||V(i,i)|| < e. Now for z in K, z near zo, the point 2' such that X(t)(z) -X(s)(z') + V(t, s) is near zq or near the end p. It is not hard to see it must be near zq; we leave this to the reader. Since g(z') = g(z), this implies z1 = z.
Thus X(t)(z) = X(s)(z) + V(t, s) on an open set of M. By analytic continuation the equality holds on M. Then (pk(t) = 4>k(s), k = 1,2,3, and ui(t) -u(s). Hence eltuj = e%sui. As f and s are arbitrarily near 0, we have t -s -0. This proves the surfaces M are not congruent to their associate surfaces M(t).
II. An isolated surface. Let M be the sphere punctured at the n roots of unity. Meeks When n = 2 this gives the catenoid; in general this surface is rotationally symmetric and has n catenoid type ends. In [2] we proved the surfaces n = 2 and n -3 are isolated and the question was raised whether deformations for n = 4 could be obtained by changing the conformai structure; i.e., moving the punctures to change the cross ratio. We shall now prove this is not possible. The technique is the same as that we used for n -3 and offers little hope of understanding n > 4. is isolated.
PROOF. We proved in [2] that if M0 is a c.m.s. conformally equivalent to a compact Riemann surface M, punctured at m points, and if Mj is a deformation of Mo, then Mi is conformally equivalent to M punctured at m points (not necessarily the same points) and the total curvature of Mi equals the total curvature of Mo. Now suppose M is a deformation of our example. Then M is conformally equivalent to the sphere punctured at four points, and we can assume the points are {zq, 1, -l,t}. Assume 2o ^ co; this case will be discussed later.
Let (g, oj) be a Weierstrass representation of M; g is a rational map of degree three since the total curvature of M is that of Mo. Write We assume 6 ^ 0; this case will be treated later. So normalize by 6 = 1. We know w has a double pole at the points zr,, 1, -1, i, the point oo is regular for w, and w has a zero of order 2k at each pole of g of order k. We write _ e(az3 + ßz2 + 1z + l)2 (z-zo)i(z-l)*(z+l)*(z-i)iaZWe know the limiting normals of an end of Mo and M are the same, so g(l) = 1,
Let Xk, k = 1,2,3, be the coordinate functions of M and yk those of Mr,; Xk = Re / <pk and yk = Re / ipk, <f>k and V'fc are the differentials obtained via the Weierstrass representation. We know the real periods of the <f>k and ipk are zero, since Xk and yk are well defined functions on M and Mo respectively. From this we obtain three equations: Since M and M0 are e close, the coefficients of log \x3 + ix2\ must be the same.
This yields equation (4) 
